Abstract. We give two generalizations of some known constructions of relative difference sets. The first one is a generalization of a construction of RDS by Chen, Ray-Chaudhuri and Xiang using the Galois ring GR(4, m). The second one generalizes a construction of RDS by Ma and Schmidt from the setting of chain rings to a setting of more general rings.
Introduction
Let N G be finite groups such that |N | = n and |G| = mn. A k-subset R of G is called an (m, n, k, λ) relative difference set (RDS) of G relative to N if the differences r 1 r (1.
3)
The RDS's constructed in this paper are semi-regular. For a survey of results on relative difference sets up to 1995, we refer the reader to Pott [11] . Since then, there have been some new constructions of relative difference sets in abelian groups using certain ring structures on the groups. Roughly speaking, the required ring structure on an abelian group G enables us to generate all additive characters of G from any "nondegenerate" character. Chen, Ray-Chaudhuri and Xiang [2] constructed a family of RDS in abelian 2-groups using Galois rings. Let G = GR(4, 2t + 1) × W , where GR(4, 2t + 1) is the Galois ring of characteristic 4 and size 4 2t+1 and
Their result is a family of RDS of G relative to the maximal ideal of GR(4, 2t +1). We will generalize this construction to GR(4, m) × W , where m is not necessarily odd and W is any abelian 2-group with |W | ≤ 2 m and exp W ≤ 4. Another recent construction of RDS was by Ma and Schmidt [8] using finite commutative principal ideal local rings. We shall see that their construction can be generalized to a larger class of rings-finite rings with a unique minimal left ideal. The purpose of this paper is not only to provide more general ways to construct RDS's but also to demonstrate some connections between RDS and other interesting topics such as quasi-Frobenius rings and generalized bent functions. The reader will find that the proofs here differ from those in [2] and [8] considerably.
A generalized construction of RDS using the Galois ring GR(4, m)
Let p be a prime, t > 0 and f ∈ Z p t [x] a monic polynomial of degree m whose imagef in [9] for a comprehensive treatment of Galois rings. For the role of Galois rings in some recent important discoveries in coding theory, we refer the reader to [1, 5] .
The Galois ring needed here is GR (4, m) . It is a local ring with maximal ideal 2GR(4, m). (4, m) . Each element a ∈ GR(4, m) has a unique 2-adic representation a = x 0 + 2x 1 where
is the Frobenius map of GR (4, m) . σ is an automorphism of GR(4, m) of order m and σ is the full automorphism of GR (4, m) .The trace of GR (4, m) is the map Tr :
This is a result of Calderbank whose proof can be found in [2] . The exponential sum x∈T ξ Tr(x) was determined up to 4 possibilities in [1] and was completely determined in [12] . For our purpose here, we shall only need the fact that
Let W be a finite abelian group and h :
We shall explore conditions on W and h that will make R a semi-regular RDS in G relative to N = 2GR(4, m) × {0}. We need the following notion of generalized bent functions [6] .
Definition 2.1
Let A be a finite abelian group with character group A * and let
Theorem 2.2 The set R in (2.3) is a semi-regular RDS of G relative to N if and only if for each z ∈ T , the function
is a bent function on W .
Proof: Sufficiency. Assume χ × λ is a nonprincipal character of G where χ and λ are characters of GR (4, m) and W respectively.
If a ∈ 2GR(4, m)\{0}, then x∈T ξ Tr(ax) = 0; if a = 0, then λ is nonprincipal on W and w∈W λ(w) = 0. Thus we always have
in this case.
Case 2. χ is nonprincipal on 2GR(4, m). Then χ(·) = ξ Tr(a·) for some a = x 0 + 2x 1 where
since T consists of all the squares of GR (4, m) . Using (2.1) and (2.2) in (2.8), we have
Therefore R is a semi-regular RDS of G relative to N .
Necessity. It follows from (2.9). P
For any x ∈ T , the 2-adic expansion of Tr(x) ∈ Z 4 is known (cf. [5] ):
where ρ is the Frobenius map of 
Corollary 2.3 Let W be a finite abelian group and h : W → T a function. Let
π • h = (α 1 , . . . , α m ) : W → GF(2 m ) = Z m 2 . (2.16) Then R = w∈W ((1 + 2h(w))T, w) ⊂ GR(4, m) × W = Gz ∈ T, w ∈ W , ξ Tr(h(w)+2zh(w)) = ξ Tr(h(w)) (−1) tr(π(z)π(h(w))) = ξ (ι•tr•π•h)(w)+2(Q•π •h)(w) (−1) tr(π(z)π(h(w))) = ξ ι(α m (w)) (−1) α 1 (w)α 2 (w)+···+α 2 m/2 −1 (w)α 2 m/2 (w)+a 1 α 1 (w)+···+a m α m (w)(2.∈ Z 2 . Then ξ ι•α 2 (−1) α 1 α 2 +a 1 α 1 +a 2 α 2 is bent on Z 2 2 . (iv) Let (α 1 , α 2 ) : Z 4 → Z 2 2 be a bijection such that α 2 (0) = α 2 (2) and a 1 , a 2 ∈ Z 2 . Then ξ ι•α 2 (−1) α 1 α 2 +a 1 α 1 +a 2 α 2 is bent on Z 4 . (v) Let W = Z 2 2 or Z 4 , (α 1 , α 2 ) : W →
A generalized construction of RDS using local rings
Let R be a finite ring with identity. A character χ of (R, +) is called nondegenerate if ker χ does not contain any nonzero left ideal of R. (In the definition of a nondegenerate character, the words "left ideal" can be replaced by "right ideal".) If χ is a nondegenerate character of R, then χ(a·) gives all the additive characters of R as a runs over R and the same is true for χ(·a). For any subset S of a ring R, the left and right annihilators of S are l(S) = {x ∈ R : xs = 0 for all s ∈ S}, (3.1)
The rings used for our construction of RDS are finite local rings with a nondegenerate character. (Cf. [6] for the use of such rings for constructions of bent functions and partial difference sets.) In the following proposition, we list some characterizations and properties of such rings without proof. (When the ring is commutative, the proof of Proposition 3.1 can be found in [6] . The proof in the noncommutative case is similar.) Proof: (ii) is the well known construction of semi-regular RDS from building sets [3, 7] . We only have to prove (i). Let λ be a character of M × M and a ∈ A. Then λ = χ(α·) × χ(β·) where χ is a nondegenerate character of R and α, β ∈ R. The proof of (i) is now completed. P When R is a chain ring, i.e., a finite commutative principal ideal local ring, the construction in Theorem 3.2 coincides with the construction by Ma and Schmidt [8] . However, the category of finite rings with a unique minimal left ideal is much larger than the category of chain rings. We give some examples of finite rings with a unique minimal left ideal without proofs. In these examples, the rings are not chain rings in general. 
